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Abstract
The physical hamiltonian of the double compactied D = 11 su-
permembrane dual with non trivial wrapping is explicitly obtained. It
contains cubic and quartic interacting terms. It exactly agrees with
the hamiltonian formulation of non-commutative super-Maxwell the-
ory on the world volume, minimally coupled to seven scalars elds
corresponding to the transverse coordinates to the brane. The non
commutative star product is intrinsically obtained from the simplec-
tic 2-form dened by the minimal conguration of the hamiltonian,
that is by the pull-back to the world volume of the canonical conec-
tion 1-form on the Hopf bring over CPn. The constraint generating
the area preserving dieomorphism is reformulated as the Gauss con-





The appearance of noncommutative geometry in string theory with a
nonzero B-eld [1] has recently been discussed by several authors [2]-[5]. The
relation of noncommutative Yang-Mills to Born-Infeld lagrangian was consid-
ered in [6], [7] and general aspects of non-commutative gauge theories have
been discussed in [8]-[14]. In [15] it was shown that the B dependence of the
eective action is completely described by a noncommutative spacetime. The
change of variables from ordinary to noncommutative Yang-Mills was explic-
itly found and the equivalence between the Born-Infeld action for ordinary
Yang-Mills in the presence of a B-eld and of a noncommutative Yang-Mills
was proven, modulo derivatives of the curvature (the Born-Infeld lagrangian
is obtained in string theory after dropping those terms). This change of vari-
ables was reinterpreted in [16] in terms of equivalent star products on the
D-brane world volume. In this work we relate the double compactied D=11
closed supermembrane [17] dual [18]-[20] to noncommutative super Maxwell
theory on the world volume minimally coupled to seven scalar elds repre-
senting the transverse coordinates to the brane. We will explicitly obtain
the physical hamiltonian of the rst theory and show it is exactly the corre-
sponding one of the noncommutative U(1) gauge theory. The star product is
constructed from the natural simplectic form constructed from the canonical
connection on the Hopf bring over . The reformulation of the compacti-
ed D = 11 supermembrane dual in terms of noncommutative gauge theories
provides a dierent point of view to analyze fundamental properties of the
supermembrane as discussed in [21], [22].
We consider the compactied D = 11 closed supermembrane dual ob-
tained in [18] and [20]. The bosonic part of its action is given by

















where Xm, m = 1; :::; D − q denote the maps from the world volume xR
to the target space MD−qxS1x:::xS1| {z }
q
,  been a compact (closed) Riemann
surface. Ari , r = 1; :::; q denotes the components of the q U(1) connection 1-
forms over xR. γij is the auxiliary metric. We will be interested in the cases
q = 1 and q = 2 the single and the double compactied case. The case q = 0
2
correspond to the supermembrane action over M11. The action (1) for the
q = 1 case is dual to the supermembrane with target space M10xS
1, while the
action for q = 2 is dual to the supermembrane with target space M9xS
1xS1.
The equivalence between the actions under duality transformations is valid
o-shell. The functional integral formulations may be proven to be formally
equivalent in both cases.
To obtain the hamiltonian formulation of the theory, we consider in the
usual way, the ADM decomposition of the metric
γab = ab γ
ab = ab −NaN bN−2
γ0a = NaN−2 γ0a = abN b
γ00 = −N2 + abNaN b γ00 = −N−2
(2)
and dene ab by abbc = 
a
c
The light-cone gauge xing conditions are
X+ = P+0 T P+ = P+0
p
W (3)
where T is the time coordinate on the world volume and W the determinant
of the metric over  introduced through the gauge xing condition only.













−Ar0r +  (4)
where Ar0 and  are the Lagrange multipliers associated to the rst class
constraints












 being the generator of the area preserving dieomorphism. There is also a












da = 2nc (7)
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where c is a basis of homology of dimension one. nc are integers associated
to c.









where  is the determinant of the matrix ab.
PM are the conjugate momenta associated to X
M . The index M refer
to the transverse coordinates in the light-cone decomposition of the target
space. (6) and (7) arise from the integrability condition on the resolution
for X− and the further assumption that X−, winds up over S1 with winding
numbers nc.
It is interesting to notice that the hamiltonian density (4) depends on the







W (F r)2 (9)
where





is the Hodge dual to the curvature 2-form F r.
The determinant  may be obtained from (8) after some calculations, it
has the following expressions
 = det(@aX
M@bXM); M = 1; :::; 9 (11)




M)2; M = 1; :::; 8 (12)











rs)2; r = 1; 2; M = 1; :::; 7
(13)
for the q = 2 case.
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The hamiltonian densities obtained after replacing (12) and (13) into (4)
may also be constructed in a more direct way from the hamiltonian density of
the supermembrane in the LCG by using duality in the canonical approach
directly without starting from the covariant formulation. Let us analyze
briefly this point. We consider the canonical action of the supermembrane
in the LCG [21] with target space M9xS















; M = 1; ::; 9
(14)
Consider, rst, one of the compactied coordinates taking values over S1. It
must satisfy I
c
dX = 2nc (15)
The terms involving that map in the canonical action are































ca@cLa = 0; @aL0 − @0La = 0 (18)
We may introduce them into the action (16) through the use of Lagrange mul-
tipliers, which we will denote A0 and 
abAb respectively. We then recognize
that the conjugate momenta to Ab is
b  abLa (19)
After the elimination of L0 we get
p = ab@aAb (20)
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The terms (21) contribute together with the terms independent of X and






















; M = 1; :::; 8 (22)
(22) is also the hamiltonian density arising from the canonical formulation of
the Born-Infeld action [23], it describes then the D2−brane in 10 dimensions
in the case of open supermembranes. If we now repeat the above procedure


































in complete agreement with (4) and (13) which were obtained from the canon-
ical analysis of the covariant formulation of the theory. The equivalence
between HSM , HD and H may be then established from the duality equiv-
alence between the covariant formulations of the theories, or more directly
from the duality equivalence of the gauge xed canonical formulations in the
LCG. The relation becomes non-trivial because the procedure of going from
the covariant formulation to the LCG one involves the elimination of the
auxiliarly metric which is an on-shell step while the duality equivalence are
o-shell ones, they can be formally performed on the functional integral.
We will now analyze more in detail (23). Its supersymmetric extension
may be obtained in an straightforward way from the supermembrane hamilto-
nian in the LCG by the procedure described above, we will write the resulting
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expression at the end of the analysis. We may solve explicitly the constraints
on cr obtaining
cr = 
cb@br; r = 1; 2 (24)
The kinetic term
har _Arai (25)
may then be rewritten as
har _Arai = hab@bAra _ri = hΠ r _Ari (26)
where we have introduced
Π r  ab@bAra (27)
Ar  r − Cr (28)
where Cr is a time independent geometrical object, which will be introduced
shortly. They satisfy the following Poisson bracket relation
fAr();Π r(0)gP = (; 0) (29)
In [20] the minimal congurations of the hamiltonian of the double com-
pactied supermembrane were obtained. In spite of the fact that the explicit
expression (23) was not obtained, all the minimal congurations were found.






W n 6= 0 (30)





The explicit expressions for ^r were obtained in that paper [20]. They corre-
spond to canonical U(1) connections on non trivial principle bundles over .
The principle bundle is characterized by the integer n corresponding to an
irreducible winding of the supermembrane [19]. Moreover the semiclassical
approximation of the hamiltonian density around the minimal conguration,
was shown to agree with the hamiltonian density of super Maxwell theory
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on the world sheet, minimally coupled to the seven scalar elds representing
the coordinates transverse to the world volume of the super-brane.
Let us now analyze this hamiltonian in terms of the non commutative
gauge theory. For that, we need to introduce a new denition for a bracket
operation on elds and the non commutative star product.
We notice that ^ar is an invertible matrix. It allows to dene the metric
Wab on the world volume.
Wab = 2@a^r@b^r (32)
Its determinant takes the value
detWab = n
2W; (33)












Furthermore, we introduce the covariant derivative Da with respect to
this metric Wab, it then follows that
DaW = 0; Da^
b
r = 0 (35)






and the extended non commutative derivative
Dr  Dr + fAr; g (37)
where the brackets f:;: g is dened as follows






DaXDbY ; n 6= 0 (38)
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Without loss of generality we take in (28)
r = Ar + ^r (39)











































Frs  DrAs −DsAr + fAr;Asg (43)




Wd2 = 0 (44)












may be expressed as
− = DrΠ r + fXM ; PMg (46)












(PM)2 + (Π r )2 +
1
2



















The hamiltonian (47) may be extended to include the fermionic terms of the
supersymmetric theory. They may be obtained from the hamiltonian of the





fΓ−; g − Γ−ΓrDr + Γ−ΓMfXM ; g

(48)
where  is the Majorana spinor of the original formulation of the supermem-
brane in the LCG in D=11 which may be decomposed in terms of a complex
8-component spinor of SO(7)xU(1).
We may replace in the hamiltonian (47) each product by a non commu-
tative star product dened by
f  g = fg + ff; gg; (49)
since the ff; gg is a total derivatives and it is thus annihilated when inte-
grated over the compact closed Riemann surface .
The term fXM ; PMg may also be written in terms of the * product
fXM ; PMg = 1
2

XM  PM − PM XM

(50)
(47) corresponds then exactly to non-commutative super-Maxwell theory on
the world volume minimally coupled to seven scalar elds XM , M = 1; :::; 7.
The generator of area preserving dieomorphisms becomes the generator of
gauge transformations. In distinction to the star product dened in [15]
which depends on a constant large background antisymmetric eld of the
string which couples to the U(1) gauge elds of the D-brane, the star prod-
uct here is intrinsically constructed from the minimal conguration of the
hamiltonian density which is unique (up to closed 1-forms) for a given n and
related to the natural simplectic structure of the world volume Riemann sur-
face. This formulation of the hamiltonian density is in complete agreement
with the one obtained in the regularized version of the double compactied
supermembrane as discussed in [24], where the decomposition (39) was used
in an essential way.
We remark that the construction of the non-commutative gauge theory we
have introduced relies on the nonsingular minimal conguration of the hamil-
tonian (23), where the assumption n 6= 0 is essential. The minimal congu-
ration obtained in [20] correspond to the monopole connection 1-forms over
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Riemann surfaces [25] which may also be obtained from a suitable pullback
to  of the canonical connection 1-forms on the Hopf bring over CPn [26].
Its curvature is a non degenerate closed 2-form dening a natural simplec-
tic structure over . The equivalence between the hamiltonian (23) of the
double compactied D=11 supermembrane dual and the hamiltonian (47)
of the non-commutative geometry is exact, in distinction to the equivalence
between the Born-Infeld actions [15] of the Yang-Mills eld on a constant an-
tisymmetric background and of the non-commutative Yang-Mills geometry
which was shown modulo derivatives of the curvature eld.
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